Abstract: It is desired of an interest rate model to be consistent with spot rates in the market. On the other hand, of interest is the behavior of asymptotic yield when the model is calibrated with initial term structure. In the present paper we show the interesting result that for an interest rate model calibrated with initial term structure, asymptotic yield of the resulting model is identical with initial forward rate, independent of the parameters involved in its short rate model. The result is first established for the Vasicek model using exact analysis and then, for a general four-parameter model where exact analysis seems intractable, through asymptotic analysis.
Introduction
A wide class of interest rate models is based on the dynamics of the short rate. Vasicek [6] is a classic interest rate model based on the three-parameter short rate model: dr = a (b − r) dt + σdX.
(1.1)
Since Vasicek model can give negative interest rates, a more popular model obviating this deficiency of the Vasicek model, is the Cox-Ingersoll-Ross [3] interest rate model based on the short rate model:
Since then a very general four-parameter interest rate model has been proposed and studied based on the short rate model: dr = u (r, t) dt + w (r, t) dX, (
where w (r, t) = αr − β, u (r, t) = (η − γr) + λw (r, t) .
See Klugman [4] and Klugman and Wilmott [5] . For a text-book discussion, see Wilmott et al [7] . Complete solutions for this four-parameter interest model are given in Chawla [1] and Chawla [2] . It is desired of an interest rate model to be consistent with spot rates in the market. On the other hand, of interest is the behavior of asymptotic yield of an interest rate model when the model is calibrated with initial term structure. While classical interest models of Vasicek and Cox-Ingersoll-Ross do not possess this property, a number of variations of the Vasicek type models have been proposed for the purpose.
In the present paper we show the interesting result that for an interest rate model calibrated with initial term structure, asymptotic yield of the resulting model is identical with the initial forward rate, independent of what and how many parameters are involved in its short rate model. This result is first established for the Vasicek model using exact analysis and then, for the general four-parameter model where exact analysis seems intractable, through asymptotic analysis.
For reference in the following sections, we note here some results for the four-parameter interest rate model.
For the four-parameter short rate model (1.3), the zero-coupon bond pricing equation giving the value B (t, T ) of a bond with maturity value one at time T is
For affine-yield solutions of the bond pricing equations: 5) differential equations for the determination of A and C are
with final conditions A (T, T ) = 0, C (T, T ) = 0. Once C is found from (1.7), the corresponding A is given, by integrating (1.6) from t → T , by
for constant η. With time to maturity τ = T − t, the yield is
The function Y (t, T ) of two variables, t < T , is term structure of interest rates while yields Y (0, T ) dictated by current prices are the spot rates. Now, the initial forward rate at time t=0, in terms of initial term structure or yields, is given by
Note that in terms of the affine-yield solution yield (1.9) can be written as
We finally note that the Vasicek and Cox-Ingersoll-Ross models are included as particular cases in the four-parameter interest rate model respectively for α = 0 and β = 0.
Proof for the Vasicek Model
For the Vasicek model, C is given by
and the corresponding A is given by
where
The yield curve is given by
with asymptotic, for τ → ∞, behavior
To fit a yield curve in the Vasicek model, we treat η as a function of time and write (1.8) as
To fit the initial yield curve Y 0 (T ) for time t = 0, we initialize (2.5) for time t = 0:
substitute for A 0 (T ) in terms of the initial yield curve Y 0 (T ) from (1.10) and obtain
where we have set
Differentiating (2.6) with respect to T , using the differentiation rule:
and adding the resulting integral to (2.6) we get
One more differentiation with respect to T gives the required
To find the corresponding A * (t, T ) from (2.5), we first evaluate
Integrating the second term by parts and simplifying we get
therefore with (2.7) and (2.9) from (2.5) we obtain
The corresponding yield curve is
For asymptotic behavior of the yield, while all other terms go to zero, the only term containing τ contributing to asymptotic yield gives
thus proving the result that for the Vasicek model calibrated with term structure, asymptotic yield is identical with the initial forward rate independent of what and how many parameters are involved in its short rate model (1.1).
Asymptotic Proof for the Vasicek Model
With a view to validate asymptotic analysis of the next section, we consider here an asymptotic analysis to prove the result for the Vasicek model obtained in Section 2. For τ → ∞, C (t, T ) for Vasicek model is given by
with corresponding A (t, T ) given by
The yield curve is
which agrees with the asymptotic yield for the Vasicek model in (2.4). Next, to calibrate Vasicek model with the initial yield, we start with asymptotic form of (2.5):
To fit initial yield curve at t = 0, we initialize (3.1):
Substituting for A 0,∞ in terms of initial yield curve from (1.9) we have
Differentiating with respect to T gives
With this we have the corresponding A * ∞ from (3.1) as
Asymptotic behavior of the yield is
thus proving the result by this asymptotic analysis that in Vasicek model calibrated with initial term structure, the asymptotic yield is identical with initial forward rate independent of what and how many parameters are involved in its short rate model.
Asymptotic Proof for the Four-Parameter Interest Rate Model
As noted before, exact analysis of calibration of the four-parameter interest rate model with initial term structure seems intractable, so here we offer an asymptotic proof of the result that asymptotic yield of the calibrated model is identical with the initial forward rate. For the four-parameter interest rate model, the following notation has been used in Chawla [1] and Chawla [2] :
From Chawla [2] , for τ → ∞, asymptotic C (t, T ) is given by
which agrees with the asymptotic yield for the four-parameter interest rate model in Chawla [2] . Next, to calibrate the four-parameter model with the initial term structure, we start with asymptotic form of (2.5):
To fit the initial yield curve for t = 0, we initialize (4.1):
Differentiating thus proving the result by this asymptotic analysis that for the four-parameter interest rate model calibrated with initial term structure, the asymptotic yield is identical with the initial forward rate independent of what and how many parameters are involved in the its short rate model (1.3).
